A noninterferometric method for obtaining profiles of axially symmetric transparent liquid droplets is described. The drops are illuminated along the symmetry axis by a uniform parallel beam whose intensity distribution is recorded at the focal plane of a lens placed behind the drop. In some conditions and within the geometrical optics approach, it is possible to reconstruct the profile of the drop from this intensity distribution except for the length scale factor, which, if necessary, may be provided by an additional simple measurement. Because of CCD cameras and digital image processing, this method is an interesting alternative technique for measuring drop profile shapes with considerable accuracy when interferometry is unwieldy. We also analyze the diffraction features of the intensity distribution to clarify the extent that they affect the approach that we used and to establish additional information that they may provide.
Introduction
Optical techniques are widely used in research on transparent liquid droplets supported by plane substrates for measuring thickness profiles h1r2 and some other parameters that characterize the drops. [1] [2] [3] [4] [5] [6] [7] [8] In general, interferometric methods are employed, 1,2,6,9-12 but they are often unwieldy because of the complexity of the optical systems and the need for a high degree of mechanical stability. However, although interest is on determining the entire profile, interferometry is fully adequate for studying thin small drops 1h < 0.1 mm2, but for larger drops observing the complete fringe pattern requires special procedures. 12 As a result, some different optical techniques have been developed and are frequently used. 13, 14 An interesting possibility is the determination of drop parameters from the angular pattern, i.e., the pattern formed on a far screen or on a screen placed at the focal plane of a lens, by an incident parallel beam 1usually an expanded laser beam2 impinging on the substrate from below and refracted by the drop. Angular patterns have been used 15 mainly for measuring the maximum slope 1≠h@≠r2 m , which is related to the radius R m of the circular pattern and to the refractive index h of the liquid. However, it has been shown 5 that these patterns may provide much more information.
This research is an attempt to clarify what may be actually obtained from angular patterns in view of the fact that they are easily and currently recorded in studies on the spreading of drops. In particular, we analyze a technique that allows the reconstruction of drop profiles from the intensity I1R2 of angular patterns 1an inverse problem2 by making use of digital image processing. Within the geometric optics approach and in some conditions that prevent rays from overlapping, the solution of the above inverse problem is elementary and nonambiguous, except for a length scale factor. In this way, it is possible to obtain from a single image nondimensional thickness profiles for many cases of interest, such as spreading sessile drops and static drops on completely and partially wet substrates, 7 respectively. As we see below, the approach does not involve a special averaging procedure to cancel the diffraction fringes that modulate the pattern. The method has been tested by comparing its results with profiles obtained by a standard interferometric technique and proved to be fairly good, provided I1R2 is determined from an average over the entire azimuthal angle.
The method is especially convenient only if the shape of profiles 1or nondimensional profiles2 is necessary to characterize the flow, but not their length scale. For example, a relevant parameter is the so-called shape factor, 1,2,7,8 G 5 V@h o r f 2 , where V is the drop volume, h o 5 h102 is the thickness at the center, and r f is the radius of the drop front. Clearly G is invariant under scale transformations of both h o and r f , so that it can be obtained directly from the angular pattern. However, if necessary, the actual size of the drop can be obtained from a single additional measurement, for example, the drop radius at a given time or the drop volume.
The angular pattern corresponding to typical drops 1r f $ 1 mm2 shows only few sharply defined fringes in the peripheral region, whereas in the remaining large central region the fringes are so dense and poorly modulated that they become virtually unobservable in normal conditions. Therefore the use of the geometric optics approach appears in a natural way. However, as we discuss in Section 3, we find that this approximation provides good results even if the fringes are well defined throughout the entire pattern without the need of a specific averaging process. In this section we report on numerical experiments consisting of the calculation of I1R2 for a given h1r2 1analytical or experimental2 with the scalar diffraction theory, to our knowledge never used before in this context. Next, we employ the geometric approach to the soobtained angular patterns, thus recovering the original profile with good accuracy even in cases where the angular pattern is formed by few sharply defined fringes. Therefore the use of the geometric optics approach for solving the inverse problem is justified. An important result from this analysis is that the relative intensity and modulation of the peripheral fringes are sensitive to the shape of drops near the front, but not to their spacing, which depends very little on h1r2.
In Subsection 2.A we describe the method, and then, by using the experimental arrangement in Subsection 2.B, we simultaneously obtain angular patterns and interferograms of sessile drops to test the reliability of the method. The results are presented in Subsection 2.C. Section 3 is devoted to the calculation of angular patterns produced by some drop profiles by use of the scalar diffraction theory. Finally, Section 4 contains the conclusions.
Geometric Optics Approximation: A Method for Determining the Drop Thickness Profile

A. Basis of the Method
Let us consider a transparent drop on a horizontal substrate illuminated by a vertical parallel monochromatic light beam of uniform intensity, as shown in Fig. 1 . We shall deal with the intensity distribution of the pattern formed on screen S placed at the focal plane of lens L with focal distance f.
For an actual drop formed by a liquid that does not completely wet the substrate, i.e., the equilibrium contact angle is between 0 and p@2, the equilibrium configuration exhibits a slope 0 ≠h@≠r 0 that increases monotonically from zero at r 5 0 to a maximum at the front position r f . 7 For a drop spreading on a wet horizontal surface, the absolute value of the profile slope increases 1,2,5,7 monotonically until it remains practically constant in a small peripheral region and defines what is called the dynamic contact angle. 7 Therefore, even for the latter case, we can assume that the absolute value of the slope increases monotonically from r 5 0 to r 5 r f . This fact assures that, except for a small central spot produced by rays that do not pass through the drop, the light intensity inside a given circle on the screen is due solely to the contribution of all the rays from inside a corresponding circle on the substrate; i.e., there is no overlapping of rays. Note, however, that hanging drops 7 or drops in which the equilibrium contact angle is greater than p@2 do not satisfy this condition, so the method described here cannot be applied in these cases.
Let us suppose that the slope is small everywhere so as to make negligible the intensity variations of the transmitted wave from Fresnel's law. We will not consider the rays passing outside the drop, which are all focused in a single small spot. Because the axisymmetric intensity distribution I1R2 on the screen must satisfy energy conservation, we have where r and R are radial coordinates on the substrate and the screen, respectively. Here x is a coefficient that accounts for losses caused by reflection at the optical interfaces and the absorption has been neglected. By assuming that the incident light intensity I 0 is uniform, it follows that and R may be correlated with r through the inverse function of F, that is, R 5 F 21 1r2. Because F1R2 is related to the integral of I1R2, F1R2 is a smoother function than I1R2. Note that, as we see below, the quantity directly obtained from the experimental patterns simply by adding the light intensity of the pixels contained within the radius R is proportional to
On the other hand, as Snell's law is applied to the liquid-free surface, we obtain
for small angles. Because h1r2 is supposed to be a monotonic function of r, by integrating the last equation, we might calculate the thickness profile provided that x is known and the intensity on the screen is given in terms of I o . This would require careful calibrations, so that in practice F 2 1R2 is determined except for a constant factor. As a result, the method gives only the nondimensional profile, i.e., h@h o as a function of r@r f , but neither the actual length scale r f nor h o . Note that the thickness scale and the radius scale are related through a known factor because slopes are provided in absolute units. If necessary, the scale may be obtained from an additional independent measurement, for example, the drop radius at a given time or the drop volume.
As an example, let us consider a drop with a parabolic thickness profile 1a shape factor G 5 p@22, because this is the case for very small drops 1v & e 3 , where e is the capillary length2 when the Laplace pressure is the dominant force. 1, 2, 7 Optically the drop is equivalent to a plano-convex lens. In this case and within the geometric optics approach, the angular pattern is a circle of uniform intensity whose radius is given by R m 5 1h 2 12f 1dh@dr2 m , where h is the refraction index of the liquid and 1dh@dr2 m is the maximum value of the derivative of the drop profile. Therefore F 2 1R2 is a linear function and the thickness profile can be retrieved by an elementary analytical integration. Instead, for drops with r f . a, gravity becomes important and the profile is modified 7, 8 by a flattening of the central region of the drop 1G increases2. This circumstance is visualized in the angular pattern by an increase in I1R2 toward the center.
B. Experimental Arrangement
In principle, the use of sources other than lasers is possible in this method, but they should be almost monochromatic to avoid chromatic effects. Besides, the size of the source image on the screen must be smaller than the size of a pixel of the system used for the acquisition of the intensity distribution, a condition that could be satisfied at the price of a strong reduction in the total intensity. Therefore it is convenient to use a laser as a source in spite of the appearance of speckles and fringes resulting from diffraction. The effect of the fringes does not invalidate the method and is analyzed in detail in Section 3. Speckles are overcome because F 2 1R2 is the total intensity over a given circle of radius R.
We have carried out drop spreadings for comparing thickness profiles as measured by a known interferometric technique with those resulting from the above method. Interferometric measurements were performed with a Mach-Zehnder arrangement 9 with a 15-mW He-Ne laser as the light source 3see Fig. 21a24 . In a natural way the arrangement also provides a second light output 3see Fig. 21b24 , which is used to form an angular pattern on a second screen, where it is recorded and digitized by a Sony CCD camera and a frame grabber 1512 3 512 pixels, Imaging Technology Corporation2. The reference beam and the portion of the beam that passes out of the drop converge at the focus of lens 2 on screen 2 3Fig. 21b24. This straightforward light is reduced because of a diaphragm placed near the focal point of the drop 1which in a first approximation works as a lens2 and by stopping the reference beam when the angular pattern was recorded.
A first point is the uniformity of the incident light intensity I o throughout the drop. The intensity distribution measured with our experimental arrangement 12 m between the laser and the beam expander2 is virtually independent of the azimuth, and the intensity averaged over 2p rad shows small variations for r f # 0.7 cm, which may be safely neglected. The introduction of a known nonuniform distribution in the theory is in principle possible, so that the uniformity of the incident beam is not a strictly necessary condition for the present technique. However, we restrict ourselves to this simplest case here.
C. Practical Performance of the Method
Once the pattern is digitally recorded, we add the light intensities I i, j in arbitrary units corresponding to the pixels 1i, j2 contained in circles of radii R. In this way we obtain a magnitude that is proportional to F 2 1R2:
Here R i, j and D i, j are the radius and the area of the pixel i, j, respectively, s 0 and s 1 are the ratios between the measured intensity and the absolute intensity I, and C is a constant to be determined. The constant C can be calculated, for example, from knowledge of the drop radius r f corresponding to a given angular pattern. In Fig. 3 we plot C 2 F 2 as a function of R; R 5 R m is shown by the long-dashed line. Within the geometric optics approximation an ideal parabolic profile would result in a straight line for F 2 1R2, but this is not the case for actual drop profiles. In the case corresponding to the figure, ≠F 2 1R2@≠R decreases when R increases, thus indicating that the average intensity is less for high slopes. Moreover small changes appear in the derivative near R m from the modulation related to the diffraction fringes. The value of C 2 F 2 1R2 should be a constant for R . R m if the background intensity on screen 2 were negligible. Even though some low background intensity is unavoidable, the change in the increasing tendency of C 2 F 2 1R2 is marked enough to determine without ambiguity the value 1maximum2 corresponding to r f .
In Fig. 41a2 we show a nondimensional profile obtained with the interferometric technique and with the current method. The discrepancy between both shape factors G 5 V@h o r f 2 is very low 10.4%2. The constant C 1i.e., the scale2 may be determined by measuring r f with a simple 1noninterferometric2 complementary method, for example, by shadowgraphy. In Fig. 41b2 we show the thickness profile obtained by introducing this parameter. The good agreement near the front is lost at the center where the maximum thickness h o is 4% below the interferometric experimental data. The error in h o is due to the profile being built up by integration of the slope starting from the front radius, so that small differences in the slope near the front can introduce considerable discrepancies in h o . Note that both integrations virtually cancel the fringe effects. The corresponding modulations near the average values near the front 1see Fig. 32 slightly affect ≠h@≠r, but they are not noticeable in the profile 1Fig. 52.
The method loses accuracy when the local average intensity I a 1R2 undergoes a strong variation between the center and the periphery of the angular pattern. In this case much care must be taken to avoid saturation of the CCD camera near the center, thus implying a loss of accuracy in the determination of F 2 1R2. This situation arises for extended drops 1r f is much larger than the capillary distance2, whose profiles 1from gravity effects2 are markedly flattened in the central region with respect to a parabolic profile. In Fig. 6 we show three intensity distributions of the angular pattern corresponding to one of the extended drops for different apertures of the CCD camera. In this case, as the average intensity varies by 1 order of magnitude between R 5 0 and R 5 R m , it is difficult to appreciate details both near the front and near the axis with the same aperture. The corresponding profiles as given by the current method are shown by the filled symbols in Fig. 7 . The best agreement with the interferometric profile 1the open circles2 is achieved for the minimum diaphragm aperture, i.e., minimum saturation. The errors in the shape factors 3see Fig.  71a24 are 8%, 7%, and 3.5%. The errors in h 0 are much higher when the scale is introduced, as we can see in Fig. 71b2. 
Drop Diffraction Pattern
We consider the angular pattern as a diffraction pattern in the Fraunhofer approximation and calculate the intensity distribution I1R2 for a given profile h1r2 according to the scalar diffraction theory. Several authors have considered the diffraction pattern generated by small-size fluid configurations. Da Costa and Calatroni 16 analyzed the far-field pattern caused by reflection from the surface of a hole formed on an initially horizontal surface of heavy oil heated by a vertical laser beam. They showed that this pattern can be regarded as an interference pattern produced by a wave coming from an annular virtual source near the hole contour and a spherical wave proceeding from the principal focal point of the hole. A straightforward adaptation of this model to drop patterns shows fringe positions in good agreement with experiments except for the outer fringes. On the other hand, Tanner 3-5 studied oil drops on a flat vertical surface flowing down under gravity and estimated oil viscosity by means of thickness profiles given by interferometric measurements. He calculated the optical path difference between equally deviated rays arising from the positions on both sides of the inflection point of h1r2. This calculation method can be used in our case for obtaining the separation of the outer fringes. Both interference models may be understood if we consider that the diffraction pattern of a hole in a screen can be assumed, in a first approximation, as formed by the superposition of the original wave and a wave coming from the hole periphery. 17, 18 This approach allows for the calculation of fringe positions but does not show intensity distributions as the scalar diffraction Fig. 41a2 and its derivative near the front. The variations of ≠h@≠r associated with the outer fringes are visible. In this case a maximum modulation of 5% for ≠h@≠r does not produce apparent effects on the profile h1r2. Dashed curve, enlarged view of the profile in Fig. 41a2 ; continuous curve, its derivative near the front. theory does. We see below that intensity distributions provide important information about the drops.
We use the well-known scalar diffraction theory 18 for linearly polarized waves, so that both the electricand the magnetic-field strengths can be represented by a complex scalar function U. Assuming a thin phase transformation, i.e., a transformation in which ray translation through the object is negligible, the field distribution U d immediately behind the drop is related to the constant incident field magnitude U 0 by 18 In this equation k 5 2p@l, where l is the wavelength of light and h1x, y2 is the thickness at the position 1x, y2 on the substrate. By considering an axisymmetric drop centered on the optical axis of the lens, we may write the field at screen S as the Fourier transform 13 of t 0 1r2:
where P and D are the pupil function and the diameter of the lens, respectively; d is the distance between the drop and the lens 1see Fig. 12 ; and J o is the zero-order Bessel function. In this equation a phase factor preceding the integral and depending on d has been omitted, because it does not affect the light intensity 1I , U 2 2. The function to be integrated is strongly oscillatory, and a suitable method for integration has to be chosen. The Fourier transform for the case of an ideal drop with a parabolic thickness profile, optically identical to a plano-convex convergent lens, is useful for testing the reliability of the calculations 1see Fig. 82 . In a first approximation for r f : l each edge portion of the drop produces a diffraction pattern like the one produced by a half-plane 1see, for example, Ref. 17, Chap. 10, p. 4102, in which I1R m 2 5 I a 1R 5 02@4, where I a 1R2 is the local average intensity. In the last case, when R decreases from R m the intensity reaches the maximum value I m < 1.35I a , and successive maxima of less magnitude appear, whereas for R . R m the intensity decreases monotonically. These features can be seen in Fig. 8 , showing that the calculation is quite accurate near R m , but numerical oscillations affect the precision of the results near the center. As expected a parabolic profile leads to a constant average intensity. However, the principal maximum is not exactly at R 5 R m , but it is slightly displaced toward the center.
In Fig. 9 we show the intensity distribution 1in arbitrary units2 of the experimental angular pattern of a spreading drop averaged over 2p rad 1circles2, the same distribution averaged only in the first quadrant 1dashed curve with dots2 and finally the distribution calculated 1solid curve2 for the corresponding interferometric thickness profile 1as given in Fig. 42 . As expected, limiting the averaging process over a single quadrant leads to more pronounced maxima than averaging over the four quadrants. Then, even if the last process is more suitable for drop profile calculations, the first one is preferable for comparing intensity distributions in the peripheral region with the interest on the fringe configuration. Figure 9 shows good quantitative agreement for positions and relative amplitudes of the maxima, especially in the zone near the maximum radius R m . We also observe that, according to the geometric approach, the average intensity increases when R decreases, differing from the case of a parabolic profile. 1In the actual drop under consideration both gravity and surface tension are important.2 The relative intensity of the outermost maximum with respect to the following maxima is greater than for the case of a parabolic profile, and also the position of the outermost maximum is closer to R m than in the latter case. These features are related to the presence of a relatively large peripheral region of almost constant slope and must be taken into account when angular patterns are used to determine apparent contact angles. 15 Finally, we point out that the separation between a given maximum and the outermost fringe seems to follow an N 2@3 law, 5 where N is the fringe number counted from the periphery, and that this dependence is almost insensitive to the profile shape 1see Fig. 102 . So the spacing of the fringes is of little utility for the determination of specific features of the drop periphery.
The scalar diffraction theory allows for a numerical test of the method for very thin drops in which the angular pattern shows few sharply defined fringes; in this case the interferometric techniques produce large errors. For example, let us consider a parabolic drop with h o 5 0.0005 cm. The angular pattern calculated for a realistic choice of r f is shown in Fig. 11 . Only three principal maxima and some secondary maxima appear due to diffraction of the aperture, separated by a distance of the order of fl@r f . Now we employ the method described in Section 2 to this pattern without any averaging process. Because of the integration process, the calculated slope is only slightly modulated near the right average value as seen in Fig. 12 , whereas the corresponding thickness profile does not show appreciable modulations and agrees well with the assumed profile. The shape factor obtained with the method differs by only 0.75% with respect to the assumed one for the drop, a discrepancy of the same order as that found for the actual drop in Fig. 4 . From this example we can deduce that the method does not need a special averaging process to find shape factors with errors of less than a fraction of 1%.
Note that the intensity distribution in the angular pattern is able by itself to put in evidence the existence of an inflection point in the thickness profile, i.e., the presence of overlapping rays. With this aim we compare the intensity distribution for three typical profiles with the same h o and 1dh@dr2 m to Fig. 13 . Three similar profiles with slight differences near the front for h o 5 6 3 10 23 cm, 1dh@dr2 i 5 0.06, and r f 5 0.1 cm. Profile a is parabolic for 0 # r # r f , profile b is parabolic between the center and an inflection point at r i 5 0.95r f , where it is connected with another parabola of opposite curvature and dh@dr 5 0 at r 5 r f ; profile c is parabolic between r 5 0 and r i 5 0.9r f , where it is continued by a straight line. Fig. 10 . Separation between the Nth fringe and the outermost fringe 1N 5 02 corresponding to the cases analyzed in this research: circles, parabolic profile; squares, drop of Fig. 4 ; diamonds, extended drop of Fig. 6 . The lines correspond to the N 2@3 law. Fig. 11 . Angular pattern of a thin drop 1h o 5 5 3 10 24 cm, r f 5 0.1 cm2 calculated by diffraction scalar theory. The three principal maxima are due to the phase shift introduced by the drop, whereas the secondary maxima are due to diffraction of the aperture 1Airy's pattern2. Fig. 12 . Nondimensional profile and its slope calculated by the geometric method 1continuous curves2 compared with the theoretical corresponding curves 1dashed curves2 for the drop of Fig.  11 . Note that the existing differences between the lines for the slopes virtually disappear in the profile comparison.
obtain equal numbers of fringes and equal pattern sizes 1see Fig. 132 . Profile a is parabolic for 0 # r # r f ; profile b starts with a parabola from the center to an inflection point at r i 5 0.95r f , where it is continued by another parabola with opposite curvature leading to dh@dr 5 0 at r 5 r f ; and profile c is parabolic from r 5 0 to r i 5 0.90r f 1the maximum slope2 where it is continued by a straight line 1a wedgelike peripheral region2. In Fig. 141a2 we show the angular patterns for cases a and b calculated by means of the scalar diffraction theory. The positions of the fringes are almost the same, but a much stronger modulation occurs for the profile with the inflection point resulting from the interference between equally deviated rays coming from both sides of that point. On the other hand, in the angular pattern corresponding to profile c 3see Fig. 141b24 there is a shift of the fringe positions toward the periphery, but the fringe spacing is nearly the same as in the angular pattern corresponding to the parabolic profile. Note that in case c the outermost maxima are stronger too. In conclusion the angular pattern corresponding to the case with an inflection point 1i.e., overlapping ray2 shows clear distinctive features.
Conclusions
The angular pattern of spreading drops was studied. A method based on the geometric optics approach allowed the calculation of the drop profiles from the intensity distribution of the pattern, which were compared with those determined by interferometry. Because the frame grabbers and CCD cameras are not too expensive nowadays, the method may be used as an alternative of interferometry to measure drop profiles 1if the volume or the drop radius is given2. A study based on the scalar diffraction theory showed that the geometric optics approach can be used without averaging processes on the intensity distribution, although the patterns may be modulated by sharply defined fringes especially in the peripheral region. A numerical experiment showed that the method shows a profile with good accuracy even for an extreme case in which the 1ideal2 drop is so thin that the angular pattern is formed by few fringes.
The above-mentioned diffraction features can be related to details of the drop profile near the front. We showed that the position of the outermost fringe generally shifts a little with respect to the radius that corresponds to the maximum deviation angle according to the geometrical approximation. This fact may introduce some systematic errors when the contact angle is measured by means of diffraction patterns. 15 An interesting point is that the spacing of the fringes near the front shows very little sensitivity to small changes in the drop profile, so that it cannot be related directly to drop properties near the front. Instead the relative intensities of the maxima give information about drop features even by simple visual inspection; for example, in drops presenting a peripheral region with an almost constant slope 1a wedgelike profile2, the intensity of the outermost maximum is enhanced with respect to that of parabolic drops.
The method could be generalized to determine the thickness profile of surfaces in a rather wide variety of flows, for example, the thickness h1r2 along the axis of a linear channel. The main limitations are that in the region studied h1r2 should not contain inflection points and that the slope must be small everywhere. A practical limit for a refraction index of ,1.5 is that the slope be less than 30°.
